Abstract-In this letter we hybridize the well-known FDTD method with the fully implicit method of [1]. In effect, this enables local space refinement without necessitating a smaller time step. In particular, this is very useful for thin layers of highly conducting material or to treat complex media, such as plasma, allowing evanescent waves.
I. INTRODUCTION

I
N FDTD, modeling local features where the wave amplitude changes very quickly, on scales far smaller than the overall discretization length is problematic. Such features can be caused by the presence of an actual layer of conducting material with very small skin depth, or by specific properties of the dispersion relation in a non-trivial material such as a plasma [1] . Many solutions to this problem exist, some based on exploiting specific knowledge of the problem at hand, [2] , some based on explicit refinement techniques [3] , [4] , and others hybridize implicit and explicit techniques [5] - [8] . These last ones are conceptually the most similar to the algorithm presented here. As detailed in [1] , our collocated basis-functions differ from the traditional Nédélec ones as, e.g., used in [9] , [6] . In this work, we develop a hybrid implicit/explicit method enabling local refinement without requiring a smaller time step. The explicit (FDTD) part can be run at the usual FDTD Courant limit. The implicit part is unconditionally stable and can be run at the very same time step (despite possibly having a far smaller space step). The set of equations to be solved for the implicit part is only as large as the implicit part itself, and it is banded so it can be solved efficiently in the same asymptotic complexity as FDTD. We also show that the reflection coefficient at the explicit/implicit boundary is zero at the Courant limit. This is a unique feature of our method. Only the one-dimensional case is treated. Further work aims at extending the approach to higher dimensions. As an example, we solve the well-known problem of transmission at a thin layer of conducting material, both with constant and position-dependent conductivity. Also, to show the robustness of our technique, we solve the "Budden tunneling equation", a wave equation with strongly place-dependent material properties, which is useful in plasma physics but still allows an analytical solution. The FDTD method [10] , [3] is extremely well-known and needs no introduction. It is a discretization of Maxwell's equations on staggered "Yee" cells, such that every derivative (spatial and temporal) has a natural second-order accurate finite-difference analogon precisely where needed (left of Fig. 1 ). In Fig. 1 , the arrows represent the electric fields and the dots the magnetic inductions of our one-dimensional model with propagation along . In FDTD, Faraday's law is indeed enforced by obtaining the -field spatial derivative by subtracting two spatially separated but simultaneous -values and the -field time-derivative by subtracting two temporarily separated but co-located -values
The fully implicit method of [1] , on the other hand, handles every derivative implicitly (right of Fig. 1 ) using four field values of and four field values of (2) For Ampère's law equations similar to (1) and (2) hold. Both the explicit and the implicit method have been successfully coupled with constitutive equations for magnetized plasmas [11] , [12] , [1] , though for the explicit method this requires additional interpolations and/or a change of the Yee-cell structure. Advantages of the fully implicit method include unconditional stability and excellent compatibility with auxiliary differential equations for complex materials [1] . The main disadvantage is its implicit nature: the need to solve a large (if sparse) set of equations at every time step. This is the main motive for attempting to use it only locally so that we can get the best of both worlds: efficient easily-parallelizable FDTD solutions where possible, combined with implicit highly stable solutions where needed.
III. HYBRID ALGORITHM
In Fig. 2 , an implicit grid with discretization length is combined with two explicit FDTD grids of discretization length . There are only two special cases to be considered: one 1531-1309/$31.00 © 2013 IEEE involving the black arrow (electric field) at the left interface ( ), and one involving the black dot (magnetic induction) at the right interface (
). Both the FDTD method and the fully implicit method can be interpreted as finite-element methods with specific basis-and test-functions [1] , [3] , a fact which has been used to construct explicit local refinement schemes [3] , [13] . Without going into detail, these finite-element interpretations lead to the following discrete equation for the magnetic field at the right interface ( )
The left-hand side is the implicit spatial interpolation ( [1] ) of the time derivative [which also occurs in (2)], this time using two implicit and two explicit points, which are available at the correct positions. The right-hand side interpolates two explicit values at and from the interface to get at from the interface. This is used together with two implicit values at the interface to end up with a spatial derivative located at the same spatio-temporal position as the interpolated time derivative. A similar equation updates at the left interface ( )
With (3) and (4), the algorithm can proceed as follows. 1) Explicit update for Faraday's law on the right explicit part (REP), and store one "past" magnetic field point needed for the special case (3). 2) Explicit update for Ampère's law on the left explicit part (LEP), and store one "past" electric field point needed for the special case (4). 3) Implicit update in the implicit part, including (3)-(4). 4) Explicit update for Ampère's law on the REP. 5) Explicit update for Faraday's law on the LEP. By substituting a plane wave solution, the reflection coefficient at the explicit/implicit interface in vacuum can be calculated exactly. A lengthy calculation yields (5) is exactly zero if the explicit parts are run at the Courant limit . This absence of spurious reflections also guarantees long-term stability. In [6, section 4.1], a similar reflection example is considered to assess the combination of the explicit FDTD and the implicit Finite Element region.
IV. NUMERICAL EXAMPLES
A. Thin Conducting Layer
The implicit region can be used at very small to resolve evanescent phenomena with extremely small decay lengths. We used this to calculate the transmission coefficient for a wave traveling through a very thin layer of copper ( ) (Fig. 3) . The thickness of the conductor is , far smaller than the FDTD discretization length. There are 50 implicit points inside this thin conducting layer. The entire algorithm runs at the FDTD Courant limit. The set of equations to be solved is very sparse and banded, and its size only depends on the amount of discretization points inside the conductor, here 100 100 (50 points, one electric and one magnetic degree of freedom per point). For well-resolved wavelengths, the analytical and numerical solution are nearly identical. As the frequency increases, the waves become ill-resolved in either the FDTD or the implicit part, and the results become inaccurate. Because of the collocated nature of the fully implicit part, the material boundary of the thin layer is well-defined, in contrast to some staggered approaches [14] .
We also determined the transmission coefficient through a thin conducting layer with parabolic variation, ( where is still the layer thickness). The exact solution can be calculated in terms of parabolic cylinder functions, and agrees very well with the numerical result. 
B. Budden Tunneling
The wave equation (6) can be solved exactly in terms of hypergeometric functions [15] . This is known as Budden tunneling.
is the asymptotic (large ) wavenumber. The distance between the zero and the singularity is , from which relates to the amount of asymptotic wavelengths between the zero and the singularity.
Analytical expressions for reflection-and transmission-coefficients are known. In particular, the absolute value of the transmission coefficient for a left-moving wave is (7) In plasma physics, Budden tunneling is usually an approximation [16] . It is possible to construct the space-dependence of the density and the background magnetic field in such a way that the cold plasma wave equation becomes the Budden equation (6) exactly. In Fig. 4 , we have modeled such a plasma ( , ). We used our implicit refinement technique near the singularity in the Budden equation (6), and we find that the resulting numerical transmission coefficient is indeed close to the predicted one. The ability of this method to refine Maxwell's equations combined with the magnetized cold plasma constitutive differential equation [1] is an advantage relative to purely staggered approaches, where the cross product in this differential equation would require additional interpolations which could cause complications near the interface.
V. CONCLUSION
In this letter, we hybridized the fully explicit FDTD method with the fully implicit method of [1] . We have shown that this can be used to accurately model thin evanescent layers (possibly much shorter than the FDTD discretization length) leaving the Courant limit unchanged. This method requires no detailed knowledge of the physics in the evanescent region: no (approximate) analytical solutions nor Green functions are needed. Further research aims at incorporating this approach in a full 3-D FDTD method.
